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MINIMAL F -CRYSTALS AND ISOMORPHISM NUMBERS OF
ISOSIMPLE F -CRYSTALS
XIAO XIAO
Abstract. In this paper we generalize minimal p-divisible groups defined by
Oort to minimal F -crystals over algebraically closed fields of positive character-
istic. We prove a structural theorem of minimal F -crystals and give an explicit
formula of the Frobenius endomorphism of the basic minimal F -crystals that
are the building blocks of the general minimal F -crystals. We then use mini-
mal F -crystals to generalize minimal heights of p-divisible groups and give an
upper bound of the isomorphism numbers of F -crystals, whose isogeny type
are determined by simple F -isocrystals, in terms of their ranks, Hodge slopes
and Newton slopes.
1. Introduction
Let p be a rational prime number and k an algebraically closed field of char-
acteristic p. For each Newton polygon ν of slopes in the interval [0, 1], Oort [7]
explicitly constructs a p-divisible group H(ν) of Newton polygon ν over k satisfy-
ing the following property: for any p-divisible group D over k, if D[p] ∼= H(ν)[p],
then D ∼= H(ν). A p-divisible group X over k with Newton polygon ν is called
minimal if X ∼= H(ν). For every p-divisible group D over k, there exists a unique
minimal p-divisible group up to isomorphism that is isogenous to D. A p-divisible
group D is minimal if and only if its endomorphism Zp-algebra End(D) is the
maximal order in its endomorphism Qp-algebra End(D) ⊗Zp Qp.
Loosely speaking, minimal p-divisible groups are p-divisible groups whose isomor-
phism types are determined by their p-kernels. In order to generalize this concept
to F -crystals, we first use the (contravariant) Dieudonne´ module theory and call
a Dieudonne´ module over k minimal if its corresponding p-divisible group is mini-
mal. Put it in another way, the isomorphism class of a minimal Dieudonne´ module
M should be determined by M modulo p. The precise meaning of an arbitrary
F -crystal M modulo p or more generally modulo pn for any integer n ≥ 1 can be
defined using its isomorphism number.
To recall the definition of the isomorphism number of an F -crystal, we fix some
notations. LetW (k) be the ring of p-typical Witt vectors with coefficients in k. Let
B(k) = W (k)[1/p] be its field of fractions. Let σ be the Frobenius automorphism of
W (k) and B(k). An F -crystal over k is a pair M = (M,ϕ) whereM is a freeW (k)-
module of finite rank and ϕ : M → M is a σ-linear monomorphism. We denote
the F -isocrystal (M ⊗W (k)B(k), ϕ⊗W (k) σ) by M[1/p] = (M [1/p], ϕ[1/p]), and call
M isosimple if M[1/p] is simple. Unless mentioned otherwise, all F -crystals and
F -isocrystals in this paper are over k. The isomorphism number nM of an F -crystal
M = (M,ϕ) is the smallest non-negative integer such that for every W (k)-linear
automorphism g of M with the property that g ≡ idM modulo p
nM , the F -crystal
(M, gϕ) is isomorphic to M.
1
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The isomorphism number of an F -crystal over k is finite by the work of Vasiu
[9, Main Theorem A]. We say that the isomorphism type of an F -crystal (or a
Dieudonne´ module particularly)M over k is determined byMmodulo pn if nM ≤ n.
Using the Dieudonne´ module theory to go back to the category of p-divisible groups
over k, we know that the isomorphism type of the Dieudonne´ moduleDM(D) of a p-
divisible groupD is determined byDM(D) modulo pn if and only if the isomorphism
type of D is determined by its pn-kernel D[pn].
Definition 1.1. An F -crystal M over k is said to be minimal if its isomorphism
number nM ≤ 1.
It is clear from the definition of minimal F -crystals that for every F -crystal M′
isomorphic to a minimal F -crystal M = (M,ϕ) modulo p, meaning that M′ ∼=
(M, gϕ) for some g ∈ GLM (W (k)) with g ≡ idM modulo p, we have that M
′ is
isomorphic to M. The first main result of this paper is a structural theorem of
minimal F -crystals which is proved at the end of Section 3.
Theorem 1.2. For each Newton polygon ν, there exists a unique minimal F -crystal
M(ν) (up to isomorphism) of Newton polygon ν. Moreover, if Λ is the finite set of
distinct Newton slopes of M(ν) and for each λ ∈ Λ, mλ ∈ Z>0 is the multiplicity
of λ, then we have a finite direct sum decomposition
M(ν) =
⊕
λ∈Λ
M
mλ
λ
where Mλ = (Mλ, ϕλ) are the unique (up to isomorphism) isosimple minimal F -
crystals of Newton slope λ.
Furthermore, for each direct summand Mλ, if rank(Mλ) = r, then there exists
a W (k)-basis {v1, v2, . . . , vr} of Mλ such that ϕλ(vi) = p
⌊iλ⌋−⌊(i−1)λ⌋vi+1 for all
1 ≤ i ≤ r − 1 and ϕλ(vr) = p
rλ−⌊(r−1)λ⌋v1.
The structure of a minimal F -crystal and a minimal Dieudonne´ module of a
minimal p-divisible group over k is very similar in the following sense. First, they
can be decomposed into a finite direct sum of isosimple minimal ones. Second, if
the Newton slope λ ∈ [0, 1), then the isosimple minimal F -crystal Mλ is exactly
the isosimple minimal Dieudonne´ module corresponding to the minimal p-divisible
group of Newton slope λ ; if λ ≥ 1, then the isosimple minimal F -crystal Mλ is iso-
morphic to (M,p⌊λ⌋ϕλ−⌊λ⌋) where (M,ϕλ−⌊λ⌋) is the isosimple minimal Dieudonne´
module of Newton slope λ− ⌊λ⌋ ∈ [0, 1).
We will prove that an F -crystal M is minimal if and only if its endomor-
phism Zp-algebra End(M) is the maximal order in the endomorphism Qp-algebra
End(M[1/p]) = End(M)[1/p]; see Proposition 3.8. This generalizes the same prop-
erty held for minimal p-divisible groups [7, Section 1.1] and thus gives another
evidence that our definition of minimal F -crystals is the right generalization of
minimal p-divisible groups.
In [11], Vasiu gives a different definition of minimal p-divisible group by using
some technical conditions on permutations. It turns out that Vasiu’s definition
coincides with Oort’s definition due to [11, Theorem 1.6]. In this paper, we also
prove that our definition of minimal F -crystals satisfies the same technical condition
as the one in Vasiu’s definition; see Proposition 3.2.
If M = (M,ϕ) is a Dieudonne´ module, by fixing a W (k)-basis {vi}
r
i=1 of M ,
there exists an element b ∈ GLr(W (k)) such that ϕ = bσ where σ is the σ-linear
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automorphism of M defined by σ(vi) = vi for all 1 ≤ i ≤ r. In [12], Viehmann
constructed for each b ∈ GLr(B(k)), a unique minimal element wbτµb in the σ-
conjugacy class [b] = {g−1bσ(g) | g ∈ GLr(B(k))} that defines the so-called minimal
truncation type (w, µ) of [b]; see [12, Definition 10] for their precise definitions. The
σ-conjugacy class [b] represents the isogeny class of M and the minimal truncation
type of each [b] defines the minimal Dieudonne´ module within that isogeny class.
Viehmann proved that b is GLr(W (k))-σ-conjugate to the minimal element wbτµb ,
namely, there exists a g ∈ GLr(W (k)) such that g
−1bσg = wbτµb , if and only if
M is an minimal Dieudonne´ module. This result can be generalized to minimal
F -crystals immediately.
In the second part of this paper, we will use minimal F -crystals to study isomor-
phism numbers of isosimple F -crystals. Isomorphism numbers of general F -crystals
are not easily computable based on their very definition. Therefore we would like to
give (optimal) upper bounds of them in terms of other basic invariants of F -crystals
such as ranks, Hodge slopes and Newton slopes. Optimal upper bounds of general
F -crystals are not known but some results in certain special cases have been found.
For example, Lau, Nicole and Vasiu [6] proved that if M is a Dieudonne´ module
with dimension d and codimension c, then nM ≤ ⌊2cd/(c+d)⌋ and the inequality is
optimal in the sense that there exists an isoclinic Dieudonne´ module M such that
nM = ⌊2cd/(c + d)⌋. In the case of isoclinic F -crystals, upper bounds that are
optimal in many cases but not in general have also been found in [13].
For every F -crystal M, let M′ be the unique minimal F -crystal isogenous to M.
We define the minimal height qM to be the smallest non-negative integer so that
there exists an isogeny M′ →֒ M whose cokernel is annihilated by pqM . This is the
generalization of minimal heights of p-divisible groups defined in [6]. It turns out
that nM ≤ 2qM + 1 just as in the case of p-divisible groups; see Corollary 5.3. By
using the theory of minimal F -crystals developed in the first part of the paper, we
are able to find an upper bound of qM and thus an upper bound nM in the case of
isosimple F -crystals.
Theorem 1.3. Let M be an isosimple F -crystal with Newton slope s/r in reduced
form and e its maximal Hodge slope. We have the following upper bound of the
isomorphism number of M:
nM ≤ 2max{
⌊
(r − ⌈
s
e
⌉)
s
r
⌋
,
⌊
⌊
s
e
⌋(e−
s
r
)
⌋
}+ 1.
The proof of Theorem 1.3 is in Section 6 and it mainly relies on the search of an
upper bound of the p-exponent of M; see Section 4 for the definition. It ultimately
comes down to finding a closed formula of the Frobenius number of three natural
numbers s, re − s and r. In general, there is no closed formula for the Frobenius
number of three or more natural numbers but our situation is a special case so that
we can use a result of Brauer and Shockley (Theorem 6.4) to get a closed formula
of the Frobenius number of s, re − s and r. As a result, we are able to find an
upper bound of the p-exponent of M and hence the isomorphism number.
Compared to the upper bound provided in [13, Theorem 1.2] which works for
all isoclinic F -crystals, the upper bound provided by Theorem 1.3 applies only to
isosimple F -crystals. Although somewhat limited in generality, Theorem 1.3 does
provide a sharper upper bound than the one in [13, Theorem 1.2] in some cases
and it can also provides optimal upper bounds as well; see Examples 6.6 and 6.8.
4 X. XIAO
On the other hand, the upper bound provided in [13, Theorem 1.2] can be slightly
better than the one in Theorem 1.3 in some other cases; see Example 6.7.
2. Level torsion
The level torsion of a non-ordinary F -crystal is equal to its isomorphism number
by [14, Theorem 1.2], hence it can be used to compute the isomorphism number of
an F -crystal. We would like to mention that Nie also proved this result in [?] but
his definition of F -crystal is over the ring of formal Laurent series k[[t]] instead of
W (k). In this section, we briefly recall this notion and present some of its properties
that will be useful to study minimal F -crystals. We refer to [11], [6], and [14] for
detail expositions.
Let M = (M,ϕ) be an F -crystal and E = End(M) be the set of all W (k)-
linear endomorphisms of M . Therefore E[1/p] is the set all W (k)-automorphisms
of M [1/p]. We have a latticed F -isocrystal (E,ϕ) where ϕ : E[1/p] → E[1/p] is a
σ-linear isomorphism defined by the rule ϕ(h) = ϕhϕ−1. Here we use ϕ to denote
the σ-linear endomorphism of M , or the σ-linear automorphism of M [1/p], or the
σ-linear automorphism of E[1/p] by abuse of notation. By Dieudonne´-Manin’s
classification of F -isocrystals, there is a finite direct sum decomposition of M[1/p]
into simple F -isocrystals and thus we get a direct sum decomposition
E[1/p] ∼= L+ ⊕ L0 ⊕ L−,
where L+ has positive Newton slopes, L0 has zero Newton slopes, and L− has
negative Newton slopes. Let
O+ ⊂ E ∩ L+, O0 ⊂ E ∩ L0, O− ⊂ E ∩ L−
be the maximal W (k)-submodules such that
ϕ(O+) ⊂ O+, ϕ(O0) = O0, ϕ−1(O−) ⊂ O−.
Write O := O+ ⊕ O0 ⊕ O−; it is a lattice of E[1/p] inside E, which will be called
the level module of M. The level torsion of M is the smallest non-negative integer
ℓM such that
pℓME ⊂ O ⊂ E.
We can compute the level torsion of isoclinic F -crystals in the following way. For
each integer q > 0, let αM(q) ≥ 0 be the largest integer such that ϕ
q(M) ⊂ pαM(q)M
and let βM(q) ≥ 0 be the smallest integer such that p
βM(q)M ⊂ ϕq(M). Set
δM(q) := βM(q)−αM(q) ≥ 0. It is not hard to show that for any integer q > 0, we
have αM(q) = qλ if and only if βM(q) = qλ. Thus either αM(q) = βM(q) = qλ or
qλ ∈ (αM(q), βM(q)).
Lemma 2.1. Let M be an isoclinic F -crystal. Then ℓM = max {δM(q) | q ∈ Z>0}.
Proof. This is a generalization of [11, Proposition 4.3(a)] and can be proved in the
same way. 
LetM = ⊕j∈JMj be a finite direct sum of isoclinic F -crystalMj = (Mj , ϕj) with
Newton slopes λj . We can define ϕ : HomW (k)(Mj1 [1/p],Mj2[1/p])→ HomW (k)(Mj1 [1/p],Mj2[1/p])
by the formula ϕ(h) = ϕj2hϕ
−1
j1
where h : Mj1 [1/p] → Mj2 [1/p]. For each pair
(j1, j2) ∈ J × J with λj1 ≤ λj2 , we define ℓ(j1, j2) to be the smallest integer such
that for all q ≥ 0, we have pℓ(j1,j2)ϕq(HomW (k)(Mj1 ,Mj2)) ⊂ HomW (k)(Mj1 ,Mj2).
It is not hard to show that ℓ(j, j) = ℓMj .
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Lemma 2.2. If M = ⊕j∈JMj is a finite direct sum of at least two isoclinic F -
crystal as above, then we have the following equality
ℓM = max {ℓ(j1, j2) | (j1, j2) ∈ J × J, λj1 ≤ λj2},
and a basic estimate of the isomorphism number:
nM ≤ max{1, nMj1 , nMj1 + nMj2 − 1 | j1, j2 ∈ J, j1 6= j2}.
Proof. This is a generalization of [11, Scholium 3.5.1] and [11, Proposition 1.4.3].
It can be proved in the same way. 
3. Minimal F -crystals
In this section, we will generalize the concept of minimal p-divisible groups to
minimal F -crystals. Unlike the definition of minimal p-divisible groups, which is
given by an explicit construction in [7] or [11], our definition of minimal F -crystals
simply requires that the isomorphism numbers are less than or equal to 1. After
examining some basic properties of minimal F -crystals, we show that our definition
of minimal F -crystals is the right generalization of minimal p-divisible groups.
Let M be a free W (k)-module of rank r. For each pair T = (B, η) where
B = {v1, v2, . . . , vr} is a W (k)-basis of M and η = (e1, e2, . . . , er) is a sequence
of r non-negative integers, we construct an F -crystal M(T) = (M,ϕT) by defining
ϕT(v1) = p
e1v2, ϕT(v2) = p
e2(v3), . . . , ϕT(vr) = p
erv1. To ease notation, we adopt
the convention that vmr+i := vi for all m ∈ Z. As a result, we can rewrite the
definition of ϕT as ϕT(vi) = p
eivi+1 for all 1 ≤ i ≤ r. Clearly e1, e2, . . . , er are
the Hodge slopes of M(T) and λ(T) :=
∑r
i=1 ei/r is the Newton slope of M(T).
Moreover, if 0 ≤ ei ≤ 1 for all 1 ≤ i ≤ r, then the F -crystal M(T) is called a cyclic
Dieudonne´-Fontaine p-divisible object in [9, Definition 2.2.2(a)].
Let (M0, ϕ0) be a Dieudonne´ module with Hodge slopes e1, e2, . . . , er. Using [10,
1.4 Basic Theorem C (a)] in our context by letting G = GLM0 , we know that for any
g0 ∈ GLM0(W (k)), there exists an element g ∈ GLM0(W (k)) with the property that
g ≡ idM0 modulo p, a W (k)-basis B0 = {v1, v2, . . . , vr} of M0, and a permutation
π on the set I = {1, 2, . . . , r} that defines a W (k)-linear monomorphism gπ : M0 →
M0 with the property that gπ(vi) = p
eivπ(i) for all i ∈ I such that (M0, g0ϕ0) is
isomorphic to (M0, ggπϕ0). The same result is also true for F -crystals.
Theorem 3.1. For any F -crystal M = (M,ϕ) with Hodge slopes e1, e2, . . . , er,
there exist an element g ∈ GLM (W (k)) with the property that g ≡ idM modulo
p, an W (k)-basis B = {v1, v2, . . . , vr} of M , and a permutation π on the set I =
{1, 2, . . . , r} that defines a σ-linear monomorphism ϕπ :M →M with the property
that ϕπ(vi) = p
eivπ(i) for all i ∈ I such that M is isomorphic to (M, gϕπ).
Proof. This theorem is a direct consequence of [10, 1.8 Generalizations]. We give a
detailed proof here using a result of [12] for the sake of completion.
Let B1 = {u1, u2, . . . , ur} and B2 = {w1, w2, . . . , wr} be two W (k)-bases of M
such that ϕ(ui) = p
eiwi for all i ∈ I. Let g0 : M → M be the W (k)-linear
automorphism such that g0(ui) = wi for all i ∈ I, gϕ :M →M be the W (k)-linear
monomorphism such that gϕ(ui) = p
eiui for all i ∈ I, and σ : M → M be the
σ-linear automorphism such that σ(ui) = ui for all i ∈ I . Hence ϕ = g0gϕσ = bσ
where b := gogϕ ∈ GLM (B(k)).
Let T be the maximal split torus of GLM that normalizes the Zp-span of B1.
Let N be the normalizer of T in GLM and W = N/T be the Weyl group of GLM .
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Hence gϕ ∈ T (B(k)) and it is equal to µ(p) where µ : Gm → T is the cocharacter
which acts on each span of ui via the ei-th power of the identity character.
By [12, Theorem 1 (1)], there exists an element w ∈W (here our w is the equal
to ww0w0,µ in the sense of [12]) and a representative gw ∈ N(W (k)) such that the
GLM (W (k))-σ-conjugacy class of b ∈ GLM (B(k)) contains an element of the form
g1gwgϕg2 where g1, g2 ∈ Ker(GLM (W (k)) → GLM (k)). Therefore there exists an
element g˜ ∈ GLM (W (k)) such that
(M,ϕ) = (M, bσ) ∼= (M, g˜−1bσ(g˜)σ) = (M, g1gwgϕg2σ).
Furthermore, we have
(M, g1gwgϕg2σ) = (M, g1gwgϕσσ
−1(g2)) ∼= (M,σ(g
−1
2 )g1gwgϕσ) = (M, ggwgϕσ),
where g := σ(g−12 )g1 ∈ Ker(GLM (W (k))→ GLM (k)), that is, g ≡ idM modulo p.
Let π be a permutation on I such that gw(〈ui〉W (k)) = 〈uπ(i)〉W (k) for all i ∈ I.
We can find units x1, x2, . . . , xr ∈ W (k) such that vi := xiui and gw(vi) = vπ(i)
for all i ∈ I because k is algebraically closed. Let ϕπ := gwgϕσ, we know that
ϕπ is the σ-linear monomorphism such that ϕπ(vi) = p
eivπ(i) for all i ∈ I. Hence
(M,ϕ) ∼= (M, gϕπ) is in the desired form and this completes the proof of the
theorem. 
We now assume thatM is minimal. ThenM = (M, gϕπ) is isomorphic to (M,ϕπ)
as g ≡ idM modulo p. As the permutation π =
∏
j∈J πj can be decomposed
into product of disjoint cycles πj , we get that the F -crystal M is isomorphic to
⊕j∈J(Mj , ϕπj ) where the rank of Mj is equal to the length of the cycle πj . For
each j ∈ J , there exists a pair Tj = (Bj , ηj) such that (Mj , ϕπj ) is isomorphic
to Mj(Tj). If Mj(Tj) is ordinary, then nMj(Tj) ≤ 1; see [13, Proposition 2.9 and
Corollary 2.11]. IfMj(Tj) is non-ordinary, we have ℓMj(Tj) ≤ ℓM by Lemma 2.2. As
ℓMj(Tj) = nMj(T) and ℓM = nM by [14, Theorem 1.2], we have nMj(Tj) ≤ nM ≤ 1
. Thus each direct summand Mj(Tj) of M is also minimal.
We now give a concrete description of minimal F -crystals of the form M(T).
Proposition 3.2. Let T = (B, η) be a pair, where B = {v1, v2, . . . , vr} is a W (k)-
basis of M and η = (e1, e2, . . . , er) is a sequence of nonnegative integers. Set
λ(T) :=
∑r
i=1 ei/r. The F -crystal M(T) = (M,ϕT) is minimal if and only if ϕT
satisfies the following condition:
(*)
for all 1 ≤ i, q ≤ r, we have ϕq
T
(vi) = p
⌊qλ(T)⌋+ǫq(i)vi+q where ǫq(i) ∈ {0, 1}.
Proof. Suppose that M(T) satisfies the condition (*), then for all 1 ≤ q ≤ r,
p⌊qλ(T)⌋+1M ⊂ ϕq
T
(M) ⊂ p⌊qλ(T)⌋M.
Thus δM(T)(q) ≤ 1 for all q ≥ 1. By Lemma 2.1, we know that ℓM(T) ≤ 1. If M(T)
is ordinary, then nM(T) ≤ 1; if M(T) is non-ordinary, then nM(T) = ℓM(T) ≤ 1.
Thus M(T) is minimal.
Suppose now that M(T) is minimal. If M(T) is ordinary, then there exists a
W (k)-basis {wi}
r
i=1 of M such that ϕT(wi) = p
eiwi for all 1 ≤ i ≤ r. One can
compute that in this case the level module O = E. Thus ℓM = 0. If M(T) is non-
ordinary, then ℓM(T) = nM(T) ≤ 1. As M(T) is isoclinic, we know that δM(T)(q) ≤ 1
for all q ≥ 1. There are two cases to be considered depending on δM(T)(q) being 0
or 1:
MINIMAL F -CRYSTALS AND ISOMORPHISM NUMBERS OF ISOSIMPLE F -CRYSTALS 7
Case (1): If δM(T)(q) = 0, that is, αM(T)(q) = βM(T)(q), then they both equal
to qλ(T). Thus ϕq
T
(M) = pqλ(T)M , which clearly satisfies condition (*).
Case (2): If δM(T)(q) = 1, that is, αM(T)(q) + 1 = βM(T)(q), then qλ(T) ∈
(αM(T)(q), βM(T)(q)). Hence αM(T)(q) = ⌊qλ(T)⌋ and βM(T)(q) = ⌊qλ(T)⌋ + 1.
Again the condition (*) holds in this case. 
We can further decompose isoclinic minimal F -crystals into isosimple minimal
F -crystals.
Proposition 3.3. Every isoclinic minimal F -crystal is a direct sum of isosimple
minimal F -crystals.
Proof. Let M be an isoclinic minimal F -crystal. By the argument before Propo-
sition 3.2, we can assume that M = M(T) for some pair T = (B, η) where B =
{v1, v2, . . . , vr} and η = (e1, e2, . . . , er). Consider the Newton slope λ(T) =
∑r
i=1 ei/r =
s/r′ where (s, r′) = 1. Let n = r/r′. To ease notation, we adopt the convention
that the index i in ei and ǫq(i) are taken modulo r.
We first show that the r-tuple (e1, e2, . . . , er) is r
′-periodic, that is, ei = ei+r′ for
all 1 ≤ i ≤ r. For each 1 ≤ i ≤ r, let di =
∑i+r′−1
j=i ej. By Proposition 3.2, we know
that di = ⌊r
′λ(T)⌋ + ǫr′(i) = s + ǫr′(i). As
∑r
i=1 di = r
′
∑r
i=1 ei = r
′rλ(T) = rs,
we get that ǫr′(i) = 0 for all 1 ≤ i ≤ r, that is, d1 = d2 = · · · = dr. This implies
that ei = ei+r′ for all 1 ≤ i ≤ r.
To show that (M,ϕT) can be decomposed into a direct sum of isosimple minimal
F -crystals, we first observe that for any x ∈ W (Fpr) \ pW (Fpr ), the following set
S(x) = {zj(x) :=
n−1∑
i=0
σir
′+j−1(x)vir′+j | j = 1, 2, . . . , r
′}
of the elements of M satisfies the following two properties:
(1) the set S(x) is linearly independent over W (k);
(2) for 1 ≤ j ≤ r′, ϕ(zj(x)) = p
ej zj+1(x) and thus ϕ
r′(zj(x)) = p
szj(x).
Therefore the set S(x) generates an isosimple F -crystal MS(x) of slope s/r
′.
We now show that there exist x1, x2, . . . , xn ∈ W (Fpr) \ pW (Fpr ) such that the
set {zj(xi)}
n
i=1 will generate W (k)-submodules of M that are also direct summand
of M for all 1 ≤ j ≤ r′.
To see that we can find such x1, x2, . . . , xn, it is enough to show that the deter-
minant
det


x1 σ
r′(x1) σ
2r′(x1) · · · σ
(n−1)r′(x1)
x2 σ
r′(x2) σ
2r′(x2) · · · σ
(n−1)r′(x2)
...
...
...
. . .
...
xn′ σ
r′(xn) σ
2r′(xn) · · · σ
(n−1)r′(xn)


is invertible inW (k). Let yi be the image of xi under the projection mapW (Fpr )→
Fpr . It suffices to show that the determinant
det


y1 y
pr
′
1 y
p2r
′
1 · · · y
p(n−1)r
′
1
y2 y
pr
′
2 y
p2r
′
2 · · · y
p(n−1)r
′
2
...
...
...
. . .
...
yn y
pr
′
n y
p2r
′
n · · · y
p(n−1)r
′
n


6= 0
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in Fpr . The determinant is non-zero if and only if y1, y2, . . . , yn′ ∈ Fpr are lin-
early independent over Fpr′ (see [5, Lemma 1.3.3]). We can make such choices as
dimF
pr
′
(Fpr ) = n (but the choices are not natural). Hence the set
⋃n
i=1 S(xi) is a
W (k)-basis of M and each subset S(xi) generates an isosimple F -crystal MS(xi) of
slope s/r′ that is also a direct summand of M . Therefore M(T) is a direct sum of
isosimple F -crystals
⊕r′
i=1MS(xi). By Lemma 2.2, each direct summand MS(xi) is
minimal as well. 
Given a non-negative rational number λ = s/r in reduced form, we can construct
an F -crystal (Mλ, ϕTλ) with Newton slope λ in the following way. LetMλ be a free
W (k)-module of rank r and Tλ = (B, ηλ) where B = {v1, v2, . . . , vr} is aW (k)-basis
of M and ηλ = (⌊λ⌋, ⌊2λ⌋ − ⌊λ⌋, . . . , ⌊rλ⌋ − ⌊(r − 1)λ⌋).
Proposition 3.4. The F -crystal (Mλ, ϕTλ) constructed above is an isosimple min-
imal F -crystal of Newton slope λ.
Proof. As
∑r
i=1(⌊iλ⌋ − ⌊(i − 1)λ⌋) = rλ = s, the F -isocrystal (Mλ[1/p], ϕTλ [1/p])
is simple with Newton slope λ. Hence it suffices to show that it is minimal.
By Proposition 3.2, we have to show that for all 1 ≤ i, q ≤ r, ϕq
Tλ
(vi) =
p⌊qλ⌋+ǫq(i)vi+q where ǫq(i) ∈ {0, 1}. If i+ q ≤ r, then
ϕq
Tλ
(vi) = p
⌊(i+q−1)λ⌋−⌊(i−1)λ⌋vi+q .
If i+ q > r, then
ϕq
Tλ
(vi) = p
⌊(i+q−r−1)λ⌋+rλ−⌊(i−1)λ⌋vi+q−r .
Thus ǫq(i) = ⌊(i− 1)λ+ qλ⌋ − ⌊(i− 1)λ⌋ − ⌊qλ⌋ ∈ {0, 1} in both cases. 
Proposition 3.5. For every rational number λ ≥ 0, there exists a unique isosimple
minimal F -crystal of Newton slope λ up to isomorphism.
Proof. For every rational number λ ≥ 0, the F -crystal (Mλ, ϕTλ) is minimal of
Newton slope λ by Proposition 3.4. Hence it suffices to prove the uniqueness.
Let T = (B, η) where B = {w1, w2, . . . , wr} is a W (k)-basis of M and η =
(e1, e2, . . . , er). Suppose that M(T) = (M,ϕT) is an isosimple minimal F -crystal
with Newton slope λ = s/r in reduced form.
By Proposition 3.2, for each 1 ≤ i ≤ r, we know that ei is equal to ⌊λ⌋ or ⌈λ⌉.
If s = ⌊λ⌋r + s′ where 0 ≤ s′ < r, then we have (r − s′)⌊λ⌋ + s′⌈λ⌉ = s. We have
(M,ϕT) = (M,p
⌊λ⌋ϕT′) where T
′ = (B, η′), η′ = (e1 − ⌊λ⌋, e2 − ⌊λ⌋, . . . , er − ⌊λ⌋).
It is clear that (M,ϕT′) is an isosimple minimal Dieudonne´ module. Thus we can
assume that (M,ϕT) is a minimal Dieudonne´ module of a minimal p-divisible group
to begin with.
By [11, 1.6 Main Theorem B], a p-divisible group D is minimal if and only
nD ≤ 1. Hence for each minimal Dieudonne´ module (M,ϕT) of a minimal p-
divisible group with Newton polygon ν, we know that (M,ϕT) is isomorphic to the
minimal Dieudonne´ module of the minimal p-divisible group H(ν). This shows that
minimal p-divisible groups exist uniquely within each isogeny class. Thus minimal
F -crystals exist uniquely within each isogeny class. We complete the proof of the
lemma. 
Proposition 3.6. If M1 and M2 are two minimal F -crystals over k, then M1⊕M2
is also minimal.
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Proof. By Proposition 3.3, both M1 and M2 are direct sums of isoclinic minimal F -
crystals. Based on this, the proposition follows from Definition 1.1 and the Lemma
2.2. 
We give another description of isosimple minimal F -crystals which will be useful
in the next section. Let λ = s/r be in the reduced form. There existm ∈ Z, n ∈ Z≥0
such that mr − ns = 1. Let Kλ be the associative B(Fpr )-algebra with identity
generated by ξ such that ξr = p and xξ = ξσ−n(x) for every x ∈ B(Fpr ). The
definition of Kλ is independent of the choices of m and n. Note that Kλ ∼= Kλ+l for
all l ∈ Z as associative B(Fpr )-algebras. It is well-known that Kλ is a central simple
division algebra overQp. For ξ
i⊗x ∈ Kλ⊗B(Fpr )B(k), define ϕ(ξ
i⊗x) = ξi+s⊗σ(x)
and thus (Kλ ⊗B(Fpr ) B(k), ϕ) is an F -isocrystal. It is not hard to show that
(Kλ ⊗B(Fpr ) B(k), ϕ) is isomorphic to the simple F -isocrystal Nλ of Newton slope
λ and that all of its endomorphisms are the left multiplication by elements of Kλ.
Similarly, let Lλ be the associative W (Fpr )-algebra with identity generated by ξ
with ξr = p and xξ = ξσ−n(x) for any x ∈ W (Fpr ). ThenMλ := Lλ⊗W (Fpr )W (k) is
an F -crystal of rank r, where the Frobenius endomorphism is defined by ϕ(ξi⊗x) =
ξi+s ⊗ σ(x) for any ξi ⊗ x ∈ Mλ. It is clear that Mλ is isosimple with Newton
slope λ. As Mλ[1/p] = (Kλ ⊗B(Fpr ) B(k), ϕ), every endomorphism of Mλ is a left
multiplication by some element of Lλ. Hence Lλ is the endomorphism Zp-algebra
of Mλ.
Proposition 3.7. The F -crystal Mλ is isosimple minimal.
Proof. By Proposition 3.2, it suffices to check that for any ξi⊗1 ∈ Mλ, 0 ≤ i ≤ r−1,
and any q ∈ Z≥0,
ϕq(ξi ⊗ 1) ∈ p⌊qs/r⌋+ǫq(i)Mλ where ǫq(i) ∈ {0, 1}.
This is equivalent to check that ⌊(i+qs)/r⌋−⌊qs/r⌋ ∈ {0, 1}, which is obvious. 
Proposition 3.8. An F -crystal M is minimal if and only if its endomorphism Zp-
algebra End(M) is a maximal order of its endomorphism Qp-algebra End(M[1/p]).
Proof. Suppose M is minimal, then it can be decomposed into a finite direct sum
of isoclinic minimal F -crystals ⊕i∈IM
mi
λi
where Mλi are the isosimple minimal F -
crystals of Newton slope λi and mi are the multiplicities. Hence End(M) is a prod-
uct of matrix ringsMmi(Lλ). Similarly the endomorphismQp-algebra End(M[1/p])
is a product of matrix algebras Mmi(Kλ). As Lλ is the maximal order of Kλ, we
know that each Mmi(Lλ) is a maximal order of Mmi(Kλ) by [8, Theorem 8.7].
Suppose now End(M) is a maximal order of End(M[1/p]). As End(M[1/p]) is a
product of matrix algebrasMmi(Kλ), we know that End(M) is a product of matrix
rings Mmi(Lλ). There exist finite direct sum decomposition of M[1/p] = ⊕i∈INi
and M = ⊕i∈IMi so that Mi[1/p] = Ni, End(Mi) ∼= Lλ and End(Ni[1/p]) ∼= Kλ.
Hence we can assume that End(M[1/p]) = Kλ and End(M) = Lλ to begin with.
We use the same representation of Lλ as above. Write λ = s/r in reduced form.
Let M˜ = {x ∈ M | ϕr(x) = psx} and N˜λ = {x ∈ Nλ | ϕ
r(x) = psx} where
Nλ = M [1/p]. Clearly M˜ = N˜λ ∩ M . For any x ∈ M , x ∈ M˜ if and only if
ξ(x) ∈ M˜ as ξ is injective. Therefore M˜ 6⊂ ξ(M). Let α ∈ M˜ \ ξ(M). Then
α, ξ(α), . . . , ξr−1(α) is a basis of M over W (k). As M˜/pM˜ ∼= M˜/ξr(M˜) is a r-
dimensional vector space over B(Fpr ) and M˜/ξ(M˜) ∼= ξ
i(M˜)/ξi+1(M˜) for i ≥ 1,
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we know that ξi(M˜)/ξi+1(M˜) has dimension one. Thus there exists a ∈ Z and
ǫ ∈ W (Fpr )
× such that ϕ(x) = ǫξa(x). As ϕr(x) = psx, we get that a = s and the
norm NW (Fpr )/Zp(ǫ) = 1. By Hilbert’s 90, we can replace x with x
′ by a unit of
W (Fpr) so that ϕ(x
′) = ξs(x′). One can show that the map x′ 7→ ξ ⊗ 1 defines an
isomorphism between M and Mλ. 
Proposition 3.8 shows that our definition of minimal F -crystals is the right gen-
eralization of minimal p-divisible groups; see [7, Section 1.1].
Proof of Theorem 1.2. By the paragraph before Proposition 3.2 and Proposition
3.3, there is a finite direct sum decomposition of M(ν) into isosimple minimal F -
crystals (Mλ, ϕTλ) constructed before Proposition 3.4. Because isosimple minimal
F -crystals are unique up to isomorphism by Proposition 3.5, we see that Mλ is
isomorphic to (Mλ, ϕTλ). The uniqueness up to isomorphism of Mλ within each
isogeny class also follows from Proposition 3.5. 
4. Valuations on F -crystals
In this section, we briefly recall some basic theory of valuations on F -crystals
following [6]. Then we use it to give another equivalent description of minimal
F -crystals.
Definition 4.1. A valuation on a W (k)-module M is a set function w : M →
R ∪ {∞} such that the following two properties hold:
(1) w(ax) = ordp(a) + w(x) for all a ∈W (k) and x ∈M ;
(2) w(x + y) ≥ min{w(x), w(y)} for all x, y ∈M .
As w(0) = w(p · 0) = ordp(p) + w(0) = 1 + w(0), we have w(0) = ∞. Similarly,
if x ∈ M is a torsion element we have w(x) = ∞. This means that w factors
through M/Mtor where Mtor is the torsion submodule of M . A valuation is called
non-degenerate if w(x) =∞ implies that x = 0. It is called non-trivial if w(x) 6=∞
for some x ∈ M . It is easy to see that a valuation on a W (k)-module M extends
uniquely to the B(k)-vector space M [1/p].
Definition 4.2. An F -valuation of slope λ ∈ R on an F -crystal (M,ϕ) is a valu-
ation w on M such that w(ϕ(x)) = w(x) + λ for all x ∈ M . It clearly extends to
the F -isocrystal (M [1/p], ϕ[1/p]).
Let B(k){T, T−1} be the noncommutative Laurent polynomial ring and let D =
B(k){T, T−1}/I where I is the two-sided ideal generated by all elements of the
form Ta− σ(a)T for all a ∈ B(k). For any
∑
i∈Z aiT
i ∈ D, the following rule
wλ(
∑
i∈Z
aiT
i) = min{ordp(ai) + iλ | i ∈ Z}
defines an F -valuation of slope λ on D. Each F -isocrystal is a D-module where T
acts as the Frobenius automorphism.
Proposition 4.3. Let N be an F -isocrystal. There exists a non-degenerate F -
valuation of slope λ on N if and only if N is isoclinic of slope λ. If N is simple of
slope λ, then any two non-trivial F -valuations of slope λ on N differ by a constant.
Proof. See [6, Lemma 5.3]. 
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Proposition 4.4. Let M be an F -crystal. Let W be the set of all F -valuations w
of slope λ on M[1/p] such that w(x) ≥ 0 for all x ∈ M . Then W has a minimal
element w0, that is w0(x) ≤ w(x) for all x ∈ M [1/p] and for all w ∈ W . The
valuation w0 is non-degenerate if and only if M is isoclinic of slope λ.
Proof. See [6, Lemma 5.4]. 
For any F -valuation w of slope λ defined on an F -isocrystal (N,ϕ), and for each
real number α, we denote
Nw≥α = {x ∈ N | w(x) ≥ α} and Nw>α = {x ∈ N | w(x) > α}.
Theorem 4.5. Let M be an isoclinic F -crystal of Newton slope λ. Then the fol-
lowing three statements are equivalent.
(a) The F -crystal M is minimal.
(b) For any Φ ∈ D such that wλ(Φ) ≥ 0, we have Φ(M) ⊂M .
(c) For some F -valuation w on M[1/p] of slope λ, we have M =M [1/p]w≥0.
Theorem 4.5 is the generalization of [6, Proposition 5.17] to F -crystals. We first
prove a lemma.
Lemma 4.6. If M is isosimple, then statements (a) and (c) in Theorem 4.5 are
equivalent.
Proof. Let w be an F -valuation of slope λ on M[1/p]. For f ∈ End(M[1/p]), define
an F -valuation w′ of slope λ onM[1/p] by w′(x) = w(fx). By Proposition 4.3, there
exists v(f) ∈ R∪{∞} such that w(fx) = w(x)+ v(f) for all x ∈ M[1/p]. Then v is
the unique valuation on End(M[1/p]) that extends the p-adic valuation on Qp. The
maximal order of End(M[1/p]) is End(M[1/p])0 = {f ∈ End(M[1/p]) | v(f) ≥ 0}.
Suppose M = M [1/p]w≥0 for some F -valuation w of slope λ, then End(M)
consists of those endomorphisms f such that v(f) ≥ 0. Suppose that there exists
f ∈ End(M) such that v(f) < 0, then there exists x ∈ M with w(x) = 0 so that
w(f(x)) = w(x) + v(f) = v(f) < 0. Thus f(x) /∈ M and f /∈ End(M). Therefore
End(M) is exactly the maximal order of End(M[1/p]). By Proposition 3.8, we know
that M is minimal.
Suppose M is minimal of rank r. Let λ = s/r be in reduced form and let a ∈ Z>0
and b ∈ Z be two integers such that as+ br = 1. We can choose an F -valuation w
of slope λ on M[1/p] such that Z ⊂ w(M[1/p]). For any n ∈ Z, let x ∈ M[1/p] be
such that w(x) = bn. Then the F -valuation of ϕna(x) is n/r as follows:
w(ϕna(x)) = w(x) + naλ = bn+ naλ = n/r.
Therefore (1/r)Z ⊂ w(M[1/p]). Since we can define an F -valuation w′ on M[1/p]
such that w′(M[1/p]) = (1/r)Z, by the second half of Proposition 4.3, we know that
w(M[1/p]) = (1/r)Z. Let π be a generator of the maximal ideal of End(M[1/p])0,
we have v(π) = 1/r. As π(M) ⊂ M , w(M) is of the form {i/r | i ∈ Z, i ≥ i0}
for some i0. By replacing w with w − i0/r, we can assume that i0 = 0 and hence
M = M [1/p]w≥0 for some w. 
Proof of Theorem 4.5. Let λ = s/r be the reduced form and m be the multiplicity
of M[1/p], that is, m = dimB(k)(M [1/p])/r. Let Φ0 = T
rp−s ∈ D and choose
Φ = T apb such that wλ(Φ) = 1/r. The element Φ is unique up to multiplication by
an integral power of Φ0.
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Suppose the statement (b) is true, we show that there exist a W (k)-basis of M
of the form Υ = (Φixj)0≤i<r,1≤j≤m such that each xj ∈ M satisfies the equation
Φ0(xj) = xj . Indeed, let M˜ = {x ∈ M | Φ0(x) = x}. As wλ(Φ0) = 0 and Φ0
preserves M by (b), we know that M ∼= M˜ ⊗W (Fpr ) W (k). As Φ
r : M˜ → M˜ is
multiplication by p, the quotient M˜/Φ(M˜) is a Fpr -vector space of dimension m.
By taking {x1, x2, . . . , xm} ∈ M˜ so that {x¯1, x¯2, . . . , x¯m} is basis of M˜/Φ(M˜), then
the projection of the set {Φi(x1),Φ
i(x2), . . . ,Φ
i(xm)} is a basis of Φ
i(M˜)/Φi+1(M˜).
Therefore Υ is a basis of M˜ and thus a basis of M .
We prove (b) ⇒ (a). Let Υ be as above. Let Mj = D
wλ≥0xj for 1 ≤ j ≤ m and
Mj = (Mj , ϕ). Then there is a decomposition of M = M1 ⊕M2 ⊕ · · · ⊕Mm such
that M1 ∼= M2 ∼= · · · ∼= Mm. It suffices to show that M1 is minimal by Proposition
3.6. Define an F -valuation w of slope λ on M1[1/p] as follows:
w(
∑
i
aiΦ
i(x1)) = mini{ordp(ai) + i/r}.
Hence M1 = M1[1/p]
w≥0. By Lemma 4.6, M1 is minimal.
We prove (a) ⇒ (c). Let M = M1 ⊕M2 ⊕ · · · ⊕ Mm be a decomposition of
minimal isosimple F -crystals. By Lemma 4.6, for each 1 ≤ i ≤ m, there exists wi
such that Mi = Mi[1/p]
wi≥0. Define an F -valuation w of slope λ on M such that
w(x) = mini{wi(xi) | xi is the projection of x to Mi}. Hence M =M [1/p]
w≥0.
We prove (c) ⇒ (b). Let Φ =
∑
i aiT
i ∈ D such that wλ(Φ) ≥ 0. Then
ordp(ai)+ iλ ≥ 0 for all i. For any x ∈M , that is, w(x) ≥ 0, we want to show that
w(Φ(x)) ≥ 0. As w(aiϕ
i(x)) = ordp(ai)+ iλ+w(x) ≥ 0, we have w(Φ(x)) ≥ 0. 
The next proposition is proved in the case of Dieudonne´ modules in [15, Lemma
4.2].
Proposition 4.7. Let (M,ϕ) be an F -crystal. There exist two special minimal
F -crystals:
(1) The minimal minimal F -crystal (M+, ϕ) inside (M [1/p], ϕ[1/p]) containing
(M,ϕ), i.e. for every minimal F -crystal (M ′, ϕ) inside (M [1/p], ϕ[1/p]) con-
taining (M,ϕ), we have (M+, ϕ) ⊂ (M
′, ϕ).
(2) The maximal minimal F -crystal (M−, ϕ) inside (M [1/p], ϕ[1/p]) contained in
(M,ϕ), i.e. for every minimal F -crystal (M ′, ϕ) inside (M [1/p], ϕ[1/p]) con-
tained in (M,ϕ), we have (M ′, ϕ) ⊂ (M−, ϕ).
Proof. This is a generalization of [6, Proposition 5.19] and we use the same strategy
to prove this proposition.
We first prove the proposition in the isoclinic case. Suppose (M,ϕ) is isoclinic,
there exists a smallest F -valuation w of slope λ such that w(M) ≥ 0 by Proposition
4.4. Let M+ = M [1/p]
w≥0. By Theorem 4.5, any other minimal F -crystal (M ′, ϕ)
inside (M [1/p], ϕ[1/p]) containing (M,ϕ) is of the form M [1/p]w
′≥0 such that w ≤
w′. Thus (M+, ϕ) ⊂ (M
′, ϕ). This completes the proof of Part (1) in the isoclinic
case.
Now we prove the general case of Part (1). Let (M [1/p], ϕ[1/p]) ∼=
⊕t
i=1(Ni, ϕ)
where each (Ni, ϕ) is isoclinic of λi such that λi 6= λj if i 6= j. Let Mi be the
image of M in Ni. We claim that (M+, ϕ) ∼=
⊕t
i=1((Mi)+, ϕ). Since (M,ϕ) ⊂⊕t
i=1(Mi, ϕ), we know that (M,ϕ) ⊂
⊕t
i=1((Mi)+, ϕ). Each minimal F -crystal
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(M ′, ϕ) containing (M,ϕ) is a direct sum
⊕t
i=1(M
′
i , ϕ) where each M
′
i contains
Mi. Thus ((Mi)+, ϕ) ⊂ (M
′
i , ϕ) and (M+, ϕ) =
⊕t
i=1((Mi)+, ϕ).
To prove the existence of the maximal minimal F -crystal containing (M,ϕ) in the
isoclinic case, we use duality. Recall that for any F -crystal M = (M,ϕ) we denote
byM∗ = (M∗, ϕ∗) its dual whereM∗ = HomW (k)(M,W (k)) and ϕ
∗(f) = σ◦f◦ϕ−1
for f ∈ HomW (k)(M,W (k)). Note that M
∗ in general is only a latticed F -isocrystal
and is not an F -crystal unless all Hodge slopes of M are zero.
Let er be the maximal Hodge slope of M. Then we know that (M
∗, perϕ∗)
is an F -crystal. Let ((M∗)+, p
erϕ∗) be the minimal minimal F -crystal contain-
ing (M∗, perϕ∗), then (((M∗)+)
∗, ϕ) is an F -crystal contained in (M,ϕ) and it is
minimal because its isomorphism number equals to the isomorphism number of
((M∗)+, p
erϕ∗). We claim that (((M∗)+)
∗, ϕ) is the maximal minimal F -crystal
contained in (M,ϕ). If not, then there is a minimal F -crystal (M ′, ϕ) such that
(((M∗)+)
∗, ϕ) ( (M ′, ϕ) ⊂ (M,ϕ). By taking duals, we have (M∗, perϕ∗) ⊂
(M ′∗, perϕ∗) ( ((M∗)+, p
erϕ∗) and this is a contradiction! Hence (((M∗)+)
∗, ϕ) =
(M−, ϕ). This completes the proof of Part (2). 
For any finitely generated torsion W (k)-module M , we say that m is the p-
exponent if m is the smallest non-negative integer such that pmM = 0. The follow-
ing lemma is a generalization of [6, Lemma 5.22]. We will use the same strategy to
prove it.
Lemma 4.8. Let (M,ϕ) be an F -crystal. The following threeW (k)-moduleM+/M−,
M/M−, M+/M have the same p-exponents.
Proof. If pm annihilatesM+/M , then p
mM+ ⊂M . Since (p
mM+, ϕ) is minimal, we
know that pmM+ ⊂ M− and thus p
m annihilates M+/M−. Hence the p-exponent
of M+/M and M+/M− are the same.
If pm annihilates M/M−, then p
mM ⊂ M−. Since (p
−mM−, ϕ) is minimal, we
know that M+ ⊂ p
−mM− and thus p
m annihilates M+/M−. Hence the p-exponent
of M/M− and M+/M− are the same. 
5. Minimal heights
Let M and M′ be two isogenous non-ordinary F -crystals that are not necessarily
isoclinic. Let q = qM′,M be the smallest non-negative integer such that p
q annihi-
latesM/M ′ for some isogenyM′ →֒M. It is easy to check that qM′,M = qM,M′ . See
[11, Proposition 1.4.4] for a version of Dieudonne´ modules, it essentially suggests
the proof the following proposition.
Proposition 5.1. Let M and M′ be two isogenous non-ordinary F -crystals that
are not necessarily isoclinic. We have the following inequality:
nM ≤ nM′ + 2qM′,M.
Proof. To ease notation, let q = qM′,M. Let OM and OM′ be the level modules of
M and M′ respectively. As pqM ⊂ M ′ ⊂ M , we have p2qEnd(M) ⊂ pqEnd(M ′) ⊂
End(M). We want to show that pqOM′ ⊂ OM. For i ∈ Z≥0, we have
ϕi(pqO+
M′
) ⊂ pqO+
M′
⊂ pqEnd(M ′) ∩ L+ ⊂ End(M) ∩ L+,
thus pqO+
M′
⊂ O+
M
. Similarly, pqO0
M′
⊂ O0
M
and pqO−
M′
⊂ O−
M
. Hence pqOM′ ⊂
OM. Then
p2q+ℓM′End(M) ⊂ pq+ℓM′End(M ′) ⊂ pqOM′ ⊂ OM ⊂ End(M).
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Thus ℓM ≤ ℓM′ + 2q. As nM = ℓM and nM′ = ℓM′ by [14, Theorem 1.2], we
conclude the proof of the proposition. 
Definition 5.2. Let M′ be the minimal F -crystal isogenous to M. We call qM :=
qM′,M the minimal height of M.
Corollary 5.3. For any F -crystal M, we have nM ≤ 1 + 2qM.
Proof. If M is ordinary, then nM ≤ 1 and thus nM ≤ 1 + 2qM is always true. If M
is non-ordinary, then the corollary follows from Proposition 5.1 and the inequality
nM′ ≤ 1. 
Corollary 5.3 suggests a method to estimate nM via qM. On the other hand, the
estimate of Corollary 5.3 is optimal in the sense that there exists an F -crystal M
such that nM = 1 + 2qM. When M is minimal with at least two distinct Hodge
slopes, we will have nM = 1 + 2qM = 1. But on the other hand there also exists
F -crystal M such that nM < 1 + 2qM. See [11, Example 4.7.1] for an example in
the case of Dieudonne´ modules.
6. Estimates
From now on, we assume that M = (M,ϕ) is an isosimple F -crystal. In order
to compute qM, it is enough to compute the p-exponent of M+/M− by Lemma
4.8. Let λ = s/r be the Newton slope of M in the reduced form, we know that
(M [1/p], ϕ[1/p]) = Kλ ⊗B(Fpr ) B(k). To define an F -valuation on (M [1/p], ϕ[1/p])
of slope λ, we want to have a unique way to express elements in M [1/p].
Lemma 6.1. Let T ⊂ W (k) be the image of the Teichmu¨ller lift t : k → W (k).
Any element x ∈ Kλ ⊗B(Fpr ) B(k) can be uniquely expressed in the form
x =
∞∑
i≥n
ξi ⊗ xi,
with xi ∈ T for all i ≥ n where n ∈ Z depends on x. The leading coefficient xn 6= 0
when x 6= 0.
Proof. We first prove the lemma for simple tensors. Let x = (
∑r−1
i=0 ξ
iai) ⊗ b be
a simple tensor in Kλ ⊗B(Fpr ) B(k) where b ∈ B(k) and ai ∈ B(Fpr ). We have
x =
∑r−1
i=0 (ξ
iai ⊗ b) =
∑r−1
i=0 (ξ
i ⊗ aib). Let bi := aib for all 0 ≤ i ≤ r − 1, we have
x =
∑r−1
i=0 (ξ
i ⊗ bi). For each i, we know that bi =
∑∞
j=ni
cijp
j where cij ∈ T and
since p = ξr, we have ξi ⊗ bi = ξ
i ⊗
∑∞
j=ni
cijp
j =
∑∞
j=ni
(ξi+jr ⊗ cij). Therefore
x =
r−1∑
i=1
∞∑
j=ni
(ξi+jr ⊗ cij).
For any 0 ≤ i1 6= i2 ≤ r − 1, we have i1 + jr 6= i2 + j
′r for any j, j′ ∈ Z. Hence
no two ξi+jr ⊗ cij in the above expression share the same power of ξ. Therefore we
get the desired form for x where n = min0≤i≤r−1{i+ nir}.
Any element of Kλ ⊗B(Fpr ) B(k) is a finite sum of simple tensors. Suppose
x =
t∑
j=1

∑
i≥nj
ξi ⊗ xij

 .
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Let n = min1≤j≤t{nj}. Then
x =
∑
i≥n

ξi ⊗ ( t∑
j=1
xij)

 =∑
i≥n
ξi ⊗ yi,
where yi :=
∑t
j=1 xij are not necessarily in T as t is not additive. Let yn =∑
l≥0 cl,np
l where cl,n ∈ T . Then
x = ξn ⊗ c0,n +
∑
i≥n+1
ξi ⊗ y′i,
where y′i are not necessarily in T just as above. Repeat this process until infinity
so we will get
x =
∑
i≥n
ξi ⊗ xi.
Suppose x =
∑
i≥n ξ
i ⊗ xi =
∑
i≥n′ ξ
i ⊗ x′i. We want to show that n = n
′ and
xi = x
′
i for all i. Using the fact that ξ
r = p, we have
r−1∑
j=0

ξj ⊗ ∑
i≡j mod r
xip
[ i
r
]

 = r−1∑
j=0

ξj ⊗ ∑
i≡j mod r
x′ip
[ i
r
]

 .
As the set {ξj ⊗ 1}0≤j≤r−1 is a basis of Kλ ⊗B(Fpr ) B(k), we have∑
i≡j mod r
xip
[ i
r
] =
∑
i≡j mod r
x′ip
[ i
r
]
for all 0 ≤ j ≤ r− 1. As such expression is unique in B(k), we get that n = n′ and
xi = x
′
i for all i ≥ n. 
Lemma 6.1 allows us to define an F -valuation w of slope λ on (M [1/p], ϕ[1/p]).
For any x =
∑∞
i≥n ξ
i ⊗ xi ∈ M [1/p], where xn 6= 0, define w(x) = n/r; if xn = 0,
that is, x = 0, define w(x) = ∞. Clearly it is a valuation. We check that it is an
F -valuation of slope λ. The Frobenius automorphism ϕ acts on Kλ ⊗B(Fpr ) B(k)
as multiplication on the left by ξs in the first coordinate and σ in the second
coordinate, hence if w(x) = n/r, then w(ϕx) = (n+ s)/r = w(x) + λ.
As w(M [1/p]) = (1/r)Z and w(M) is bounded from below, let n0/r be the
smallest element in w(M). Rescale w by making the translation of n0/r, then w is
the smallest F -valuation of slope λ such that w(M) ≥ 0 and thusM+ = M [1/p]
w≥0.
To ease notation, we still use w to denote the F -valuation after the rescaling.
By Theorem 4.5 and Proposition 4.3, we know that M− = M [1/p]
w≥α, where α
is the smallest element such that M [1/p]w≥α ⊂ M . As α := mα/r ∈ (1/r)Z, we
can also write M− = M [1/p]
w>α−1/r.
Since qM is the smallest element such that p
qMM+ ⊂ M−, we know that qM =
⌈α⌉ or equivalently qM = ⌊α − 1/r⌋ + 1. Thus to find qM, it is enough to find a
good estimate (upper bound) of α or equivalently a good estimate of mα. We prove
a lemma that allows us to estimate m.
Lemma 6.2. Let m1 be an integer that satisfies the following property: for any
integer m2 ≥ m1, there exists some element x ∈ M such that w(x) = m2/r. Then
for any y ∈M [1/p] with w(y) ≥ m1/r, we have y ∈M .
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Proof. Let y ∈M [1/p] be such that w(y) = m3/r ≥ m1/r. Write y =
∑∞
i=m3
ξi⊗yi.
By the condition of the lemma, we know that there exists z ∈M with w(z) = m3/r.
If z =
∑∞
i=m3
ξi ⊗ zi, then w(y − zz
−1
m3ym3) ≥ m3 + 1. Note that z
−1
m3ym3 ∈
W (k). Now repeat this process, we can write y as an series of elements in M with
coefficients in W (k), hence y ∈M . 
Corollary 6.3. The smallest m1 satisfying the property in the Lemma 6.2 is equal
to mα.
Proof. This is by Lemma 6.2 and the definition of mα. 
The following three operations map M to itself.
(1) The Frobenius map ϕ.
(2) The Verschiebung map ϑ, that is, the unique σ−1-linear map such that
ϕϑ = ϑϕ = pe where e is the largest Hodge slope.
(3) Multiplication by p.
For any nonzero x =
∑
i≥n ξ
i ⊗ xi ∈M [1/p] with xn 6= 0, we have
(1) w(ϕx) = w(x) + λ = (n+ s)/r,
(2) w(ϑx) = w(x) + e− λ = (n+ re − s)/r.
(3) w(px) = w(x) + 1 = (n+ r)/r.
As w is the minimum F -valuation such that w(M) ≥ 0, there exists an element
y ∈M such that w(y) = 0. By applying the three operations mentioned above, we
see that for any n that is a linear combination of s, re − s and r with coefficients
in Z≥0, there exists an x ∈ M such that w(x) = n/r. By Lemma 6.2, we know
that mα ≤ g(s, re − s, r) + 1 where g(s, re − s, r) is the Frobenius number of
s, re − s and r, that is, it is the largest positive integer that cannot be expressed
as a linear combination of s, re − s and r with coefficients in Z≥0. It exists as
gcd(s, re − s, r) = 1.
Curtis [3] showed that in some sense, a search for a simple closed formula of
the Frobenius number of three or more natural numbers is impossible. There are
many algorithms to find the Frobenius numbers of three or more natural numbers,
for example see [4]. But our case is in a special situation and a closed formula for
g(s, re− s, r) can be found using the following theorem of Brauer and Shockley [2].
Theorem 6.4. Let x, y and z be three pairwise coprime positive integers. If y+z ≡
0 modulo x, then the Frobenius number of x, y and z is
g(x, y, z) = max{⌊
xz
y + z
⌋y, ⌊
xy
y + z
⌋z} − x.
We are now ready to prove Theorem 1.3.
Proof of Theorem 1.3. By the previous discussion, we know that qM = ⌊α−1/r⌋+1.
Since α = mα/r and mα ≤ g(s, re − s, r) + 1, we have
qM ≤ ⌊
g(s, re− s, r)
r
⌋+ 1.
By Corollary 5.3, we have
(*) nM ≤ 2qM + 1 ≤ 2⌊
g(s, re− s, r)
r
⌋+ 3.
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By Theorem 6.4, let x = r, y = s and z = re − s, we get
g(s, re− s, r) = max{⌊
re − s
e
⌋s, ⌊
s
e
⌋(re − s)} − r.
Plug this into (*), we get the desired upper bound which proves Theorem 1.3. 
We compare our new upper bound with some other upper bounds in [13], [6] and
[14] in the following examples.
Remark 6.5. The upper bound of Theorem 1.3 can be restated using λ as
nM ≤ 2max{
⌊
(r − ⌈
s
e
⌉)λ
⌋
,
⌊
⌊
s
e
⌋(e− λ)
⌋
}+ 1.
Example 6.6. Let 0, 1, 3 be the Hodge slopes of an isosimple F -crystal M. The
Newton slope is 4/3. From [13, Theorem 1.2], we get that nM ≤ ⌊3+(2−1)
4
3⌋ = 4.
By Theorem 1.3, we get a slightly better upper bound nM ≤ 3.
Example 6.7. Let M be an isosimple Dieudonne´ module. We have s = d, re −
s = c, and r = c + d where d and c are the dimension and codimension of M
respectively. Therefore g(s, re − s, r) = g(d, c) = cd − c − d. By Theorem 1.3, we
have nM ≤ 2⌊cd/(c+d)⌋+1. This is almost as good as the optimal estimate which
is ⌊2cd/(c + d)⌋; see [6, Theorem 1.3] and [13, Corollary 3.5]. The two estimates
are equal if cd/(c+ d)− ⌊cd/(c+ d)⌋ ≥ 1/2.
Example 6.8. Let M be an isosimple F -crystal of rank 2. Then its Hodge slopes
are 0, e where e is an odd positive integer (otherwise (M,ϕ) is not isosimple).
Theorem 1.3 predicts that nM ≤ e. This is optimal according to [14, Theorem 6.1].
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